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Abstract. Let A be a unital separable C*-algebra, and D a ifi-injective strongly 
self-absorbing C*-algebra. We show that if A is D-absorbing, then the crossed 
product of A by a compact second countable group or by Z or by K is ©-absorbing 
as well, assuming the action satisfying a Rokhlin property. In the case of a com- 
pact Rokhlin action we prove a similar statement about approximate divisibility. 



1. Introduction 

Following the terminology in a recent paper of A. Toms and the second author 
( |TWlj ). we call a separable, unital C*-algebra T> strongly self-absorbing if it is 
infinite-dimensional and the map T> — > T> ®T> given by d i— > d <8> 1 is approximately 
unitarily equivalent to an isomorphism (we note that strongly self-absorbing algebras 
are always nuclear, so there is no ambiguity when we talk of tensor products). 
Currently, the only known examples of such algebras are the Jiang-Su algebra Z 
(|JS|). the Cuntz algebras O2 and O^, UHF algebras of infinite type (i.e. where 
all the primes which occur in the relevant supernatural number do so with infinite 
multiplicity) and tensor products of by such UHF-algebras. Those algebras 
exhaust the possible Elliott invariants for strongly self-absorbing algebras, and thus 
one might hope that this list is complete. 

While only few algebras are strongly self-absorbing, many C*-algebras A are T>- 
absorbing for a strongly self-absorbing algebra T> (i.e. A — A®T>), and such algebras 
seem to enjoy nice regularity properties - see |R11 IR2j for absorption of UHF alge- 
bras, and |GJSllR4llTW2j for absorption of the Jiang-Su algebra. Absorption of 
and O2 plays a central role in the classification theorems of Kirchberg and Phillips 
( |KrPl IKrll IF] ) , and is the focus of further study (see for instance |KrR| ) . It thus 
seems interesting to study the permanence properties of D-absorption. In |TWlj . it 
was shown that if T> is strongly self-absorbing and i'fi-injective (i.e., the canonical 
map U{T>) /Uq{T>) — ► K\{T)) is injective, a condition which is automatically fulfilled 
for the known examples mentioned above), then the property of being (separable 
and) strongly self-absorbing is closed under passing to hereditary subalgebras, quo- 
tients, inductive limits and extensions (for V = O2 and V = Ooc these results had 
already been shown by Kirchberg; see |Kr2j ) . 

This note concerns the question of permanence under formation of crossed prod- 
ucts. One cannot expect permanence to hold in general. Indeed, O2 is 02-absorbing, 
however there are actions of %2 = Z/2Z on O2 such that the crossed product has 
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non-trivial isT-theory (see in particular, the crossed product algebra cannot 

be 02-absorbing. Note that if a is such an order 2 automorphism, then O2 x a Z2 
is a quotient of O2 x Q Z. Since CVabsorption passes to quotients, we see that 
02-absorption is not permanent under crossed products by Z either. 

In the present paper we show that this phenomenon does not occur if the group 
action satisfies certain extra conditions. More precisely, we show the following: 

Theorem 1.1. Let A and T> be separable unital C* -algebras; let T> be strongly self- 
absorbing. Suppose a : G —* Aut(«4) is a strongly continuous action of a group G, 
where G is second countable compact Hausdorff, Z or R, which satisfies the respective 
Rokhlin property (to be made precise in the subsequent sections). 

(1) If G is compact and A is T>-absorbing, then Ax a G is V-absorbing. If A is 
approximately divisible, then so is Ax a G. 

(2) If G = Z or G = K, A is T> -absorbing and D is K\-injective, then A x a G 
is T>-absorbing. 

There are many examples of C*-algebras with Rokhlin actions; see ^QEj for the 
finite group case and |Ksl| IKs3j for the case where G = Z or M. Rokhlin flows and 
a number of striking applications to the theory of purely infinite C*-algebras have 
been studied in K.s2 and BKK and the references therein. [E] provides a survey 
(mainly in the case where G = Z or M) and describes a number of applications to 
the theory of von Neumann algebras and to Elliott's classification program. 

The first author would like to thank Mikael R0rdam for suggesting this line of 
research, and for some helpful subsequent conversations concerning this paper, as 
well as N. Christopher Phillips for a helpful conversation. The second author is 
indebted to Siegfried Echterhoff and Andrew Toms for a number of enlightening 
comments and discussions. 

2. Central sequence embeddings and crossed products 

Notation 2.1. Let A be a C*-algebra. We denote 

A oo =£ co (N,A)/C (N,A). 

A may be embedded into £°°(N, A) and into Aoo in a canonical way (as constant 
sequences); we shall write ij^ for both these embeddings - although we will sometimes 
find it convenient not to state them explicitly. 

We write Aqo^A 1 for the central sequence algebra of A, i.e., the relative commutant 
of A in Aoo- 

If a : G — > Aut(^l) is a strongly continuous action of a locally compact group G 
on a C*-algebra A, then we have naturally induced actions of G on £°°(N, A), Aoo 
and Aoo H A', respectively - those actions will all be denoted by a. They are in 
general not strongly continuous. We denote by £°°'^ (N, A) the set of elements of 
^°°(N, A) on which the action a of G is continuous - this is clearly a C*-algebra, 
which contains A as the constant sequences, as well as Co(N, A). We denote 

At ] =e°°' {a) (n,A)/Co{n,A) 

(we stress that Aoc? is not defined as the set of all elements in Aoo on which G acts 
continuously - it is a-priori smaller). We denote by Ai(A) the multiplier algebra of 
A. To avoid notational nuisances, we follow in this paper the convention that is 
not considered to be a unital C*-algebra (i.e., we require that 1/0). 
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We have the following characterization of ©-absorption (based on ideas of Elliott 
and of Kirchberg), which appears as Theorem 7.2.2 in |R3j . We note that the 
statement in R3 refers to the relative commutant of A in an ultrapower of Ai(A); 
however, it is easy to see that the characterization still holds as stated below. 

Theorem 2.2. LetT> be a strongly self- absorbing and A be any separable C* -algebra. 
A is V-absorbing if and only ifT> admits a unital *-homomorphism to M(A)oo C\A'. 

Note that since any strongly self-absorbing C*-algebra has to be simple, it follows 
that unless ,4 = 0, the *-homomorphism above must be an embedding (of course, 
is ©-absorbing for any T>). 

The following gives us a sufficient condition for D-absorption of the crossed prod- 
uct of A by a group. 

Lemma 2.3. Let A, T> be unital separable C* -algebras. Let G be a locally compact 
Hausdorff group with a strongly continuous action a : G — > Aut(«4). Suppose there 
is an embedding D — > Aoo n A' whose image is fixed under the induced action of G. 
Then, T> admits a unital embedding into (A4(A x a G))oo D (A x a G)' . In particular, 
ifT> is strongly self-absorbing, then Ax a G is T> -absorbing. 

Proof. By the universal property of A x a G, there are a unital *-homomorphism 

7r : A -> M(A x a G) 
and a strictly continuous unitary representation 

u:G -» M(Ax a G) 

such that 

Ug7r(a)u g -i = ira g (a) Va G A, g G G . 

7r and u induce maps 

7T : e°°(N,A) -» f°(N, M{A x a G)) , u : G —> l°°{n,M{A x a G)) 

which in turn induce maps 

7f : ^loo -» (M(A x a G))oo , u:G^ (M(A x a (?))«, 

Let (p : T> — * Aoo fl A' C Aoo be the given embedding, and consider f o ip : 
D — > (A^(«4 x a G))oo- We claim that the image of the unital *-homomorphism 
7f o </? commutes with the images of 7f o ^ and u. That it commutes with the image 
of 7r o Ly\ is immediate. As for u, fix g € G, d € ZX Lift to (di,d2>—) € 

£°°(N,^4). We have u g Tr(d n )u g -i = Tr(a g (d n )) for all n, so, u g 7f(di, —)v> g -i = 
Tr(a g (di), a g (d2), •••)• We know that 

(a g (di),a g (d 2 ), ■■■) - (di,d 2 ,...) G C (N,^4) , 

so 

u g Tr(di,d 2 , ...)u g -i - Tr(d 1 ,d 2 , ■■■) G C (N,JW(-4 x a G)) 

and thus u g 7r(ip(d))u g -i — n((p(d)) = 0, as required. 

Therefore, W o (/?(P) commutes with the image of A x a G in (A4(A x a G))oo, as 
required. The second statement follows from Theorem 12.21 □ 

In fact, to deduce P-absorption, it is enough to show that the conditions of Lemma 
12.31 hold only approximately, as made precise in the following lemma. 
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Lemma 2.4. Let A,B be unital separable C* -algebras. Let G be a second- countable 
locally compact H aus dor ff group with a strongly continuous action a : G — > Aut(.A). 
Suppose that for any finite sets Bq C B, Aq C A, any compact subset Kq C G and 
any e > i/iere is a completely positive contraction (p : B — > .4^ snc/i i/iai /or a// 
6, 6' G -Bo? a ^ A); 5 G we Ziaue 

(i) ||a 9 (^(6))-^(6)|| <e 

(ii) ||^(1) - 1|| <e 

(iii) ||^(6)^(60 - vWII <£ 

(iv) ||[<p(6),a]||< £ 

(v) |||6||-|b(6)|||< e . 

Then, there is an embedding B — > *4oo H „4' whose image is fixed under the induced 
action of G. If B is simple, the conclusion holds without assuming condition (v) 
above. 

Proof. Pick increasing sequences of finite sets A\ C A<i C ... C .4,, B\ C 52 C ... C B 
such that „4o = U^o = U^o form dense unital self-adjoint subrings of A 

and B, respectively, and pick an increasing sequence K\ C Ki C ... C G of compact 
subsets such that IJ^o ^« = ^ 

For each n, pick a map <^ n : B —> A^ which satisfies the conditions listed in the 
statement, with respect to A n , B n , K n and e = 1/n. 

For each ip n , pick a linear self-adjoint lifting (possibly unbounded) 

^ n = (<p n (i), <p n (2), ...) : b - e°°> (a \n,A). 

We claim that we can find a sequence p& of natural numbers such that the following 
hold for all k G N: 

(1) \\<Pk(pk)(b) - a g (vk{Pk){b))\\ < 1/k for all b G B k , g G K k . 

(2) ||^ fc (p fc )(l)-l|| <l/fc. 

(3) \\Vk{Pk){bib2) ~ ¥k{Pk){bi)¥k{Pk)(b2)\\ < 1/k for all 61,62 G B k . 

(4) ||[¥>fc(Pfc)(&)>a]|| < 1/fc for all b £ B k , a £ A k . 

(5) \\\<p k (Pk)(b)\\ -\\b\\\< 1/k for all be B k . 

For condition (1), we view £°°'( a )(N, .A) as the subspace of constant functions in 

c(K k ,e°°^(n,A)). 

Consider the linear self-adjoint map ip' k :B^ C(K k ,£°°>( a \N,A)) given by 

<Pk(b)(g) = a g (ip k (b)). 
By condition (i) in the statement, we know that \\TTK k (<^k(b) — <p' k (b))\\ < 1/k for 

all b G B k , where 7rx k denotes the quotient map onto C(K k , Aoo). Thus for all but 
finitely many p G N, we have that \\<p k (p)(b) — a g (<p k (p)(b))\\ < 1/k for all 6 G B k . 

As for conditions (2) - (5), we know, from conditions (ii) - (v) in the statement, 
that for all but finitely many p G N, conditions (2) - (5) hold with p standing for 
p k . Thus, we can pick some p k such that all the conditions hold. 

Denoting ir : £°°(N, A) — > Aoo the quotient map, we see that 

7T° (<£l(pi),¥>2(P2),-) 

gives us an isometric unital self-adjoint embedding of Bq into A^ - it is a *-ring 
homomorphism, since all the maps involved are *-linear, and condition (3) ensures 
multiplicativity; it is unital by condition (2), and is isometric by condition (5). This 
embedding thus extends to an embedding of B. By conditions (1) and (4), the image 
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of Bo commutes with Ao, and is fixed under the action of G. Since B$ is dense in B 
and .4o is dense in A, this embedding has the required properties. 

If we do not assume condition (v) of the lemma to hold, the <Pk(j>k) wm n °t 
necessarily satisfy condition (5) above and tt o ((pi(pi), ^2(^2)1 •••) will only extend 
to a unital *-homomorphism. However, if B is simple, this *-homomorphism will be 
an embedding since it is unital. □ 

3. Compact Rokhlin actions 

We first recall the definition of the Rokhlin property for finite groups (see |TT]). 

Definition 3.1. Let A be a unital separable C*-algebra, G a finite group, and 
a : G — > Aut(„4) an action, a is said to have the Rokhlin property if there is a 
partition of 1^ into projections {e g \ g G G} C Aoo H A' such that a g {eh) = e g h 
for all g,h £ G. 

This definition can be generalized in a straightforward way to the case of compact 
Hausdorff second-countable groups, as follows. 

Definition 3.2. Let A be a unital separable C*-algebra, G a compact Hausdorff 
second-countable group, and a : G — > Aut(A) a strongly continuous action, a is 
said to have the Rokhlin property if there is a unital embedding C(G) — > .4.^ Pi .A' 

such that for any / G C(G) C A^ fl.4' (under this embedding), we have a g (f)(h) = 
f{g- l h) for all g,h E G. 

Theorem 3.3. Let A be a separable unital C* -algebra, let G be a compact Hausdorff 
second- countable group, and let a : G —* Aut(A) be an action satisfying the Rokhlin 
property. If B is a unital separable C* -algebra which admits a central sequence of 
unital embeddings into A, then B admits a unital embedding into the fixed point 
subalgebra of Aoo H A'. 

Proof. Fix a unital embedding C(G) — » A^ H A', as in the definition of the Rokhlin 

property (to lighten notation, we shall view C(G) as embedded in A^ D A' in this 
fashion). Let Bq C B, Aq C A be compact subsets. 

We shall find a unital embedding tp of S into the fixed point subalgebra of ^4.^^ 
such that || [<£>(&), a] || < e for all b G i?o, a, G ^4o- The theorem will follow, then, from 
Lemma 12.41 

We may assume, without loss of generality, that a g (Ao) C Aq for all g G G 
(otherwise replace by U 9 eG a g(Ao), which is compact, as Aq and G are compact). 

Pick an embedding ip : B — > ^4 such that || [V'(^)) °] II < e f° r an ^ ^ ^Qj a G ^o- 
Note that ||[a 9 ( , 0(^)), a]|| < e for all g G G as well. We view A as embedded in .4.^ 

in the usual way, and think of ip as an embedding of B into A C C*(^UC(G)) C A^. 
Note that C*(A U C(G)) = C(G, A). We now define tp : B -> C(G, A) by 

^(fe)( 5 )= % ^(fe)) 

It is straightforward to check now that a g (cp(b)) = (p(b) for all g G G, and that 
|| [</?(&), a] || < e for all b G -Bo, a G Aq, giving us the required embedding. □ 

Recall that a separable unital C*-algebra A is said to be approximately divisible if 
there is a finite-dimensional G*-algebra B with no abelian summands, which admits 
a unital embedding into M(A)oo H«4', or, equivalently, if there is a central sequence 
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of unital embeddings of B into A4(A). We have the following straightforward con- 
sequence of Theorem 13.31 and Lemma 12.31 

Corollary 3.4. Let A be a separable unital C* -algebra, letG be a compact Hausdorff 
second- countable group, and let a : G — > Aut(^4) be a strongly continuous action 
satisfying the Rokhlin property. 

(1) IfV is a strongly self-absorbing C* -algebra and A is T>-absorbing, then Ax a 
G is D-absorbing. 

(2) If A is approximately divisible, then Ax a G is approximately divisible. 

4. Rokhlin Actions of Z 

We recall the definition of the Rokhlin property of an automorphism (see for 
instance |Kslj ). 

Definition 4.1. Let A be a unital separable C*-algebra, and a G Aut(.A). a is said 
to have the Rokhlin property if for any n there is a partition of into projections 
e , ...,e n _i,/ , ...,f n G Aoo C\A' such that a(ej) = e j+1 , a(fj) = f j+ i for all j, with 
the convention e n = e , f n +l = fo- 

We have the following slight enhancement of the Rokhlin property. The proof is 
a simple Cantor-diagonalization type trick, which we leave to the reader. 

Lemma 4.2. If C is a separable subspace of Aoo r\A', and a is an automorphism 
of A satisfying the Rokhlin property, then the projections as in the Rokhlin property 
can be chosen to furthermore commute with C. 

In assertion (2) of Theorem II .11 we assumed T> to be i^i-injective. In fact, a little 
less will do: 

Definition 4.3. We say that a separable unital C*-algebra T> has Inno half-flip if 
there is a sequence of unitaries u±,U2, ■ ■■ G Uq(T> <g> V) such that for all d G T>, we 
have u n (d ® — » 1 (g> d. 

It was shown in |TWlj . Proposition 1.13, that if D is a strongly self-absorbing 
C*-algebra which is Xi-injective, then it has Inno half-flip (a review of the proof 
shows that, in fact, it is enough to know that u ® u* G Uq(T> T>) for all u G U(T>)). 

The purpose of this section is to prove the following. 

Theorem 4.4. Let T> be a strongly self- absorbing C* -algebra with an Inno half-flip, 
and let A be a separable unital T>-absorbing algebra. Let a be an automorphism of 
A. If a has the Rokhlin property then T> admits a unital *-homomorphism into the 
fixed point subalgebra of Aoo H A'. In particular, Ax a Z is V-absorbing. 

Before proving Theorem 14.41 we need a technical lemma. 

Lemma 4.5. Let A, B be unital separable C* -algebras. If B admits a unital em- 
bedding into Aoo H A', and C is a separable subalgebra of Aoo H A', then there is a 
unital embedding of B into Aoo HA'nC. 

Proof. We denote by ir the projection £°°(N, A) — ► Aoo- Let ci,C2,... be a dense 
sequence in C. We wish to find an embedding of B into AooHA' which commutes with 
all the elements of this sequence. Let if : B — > Aoo H A' be a unital embedding, and 
let <p = (ipi, ip2, ...) : B — > £°°(N, A) be a linear lifting. Note that for any subsequence 
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(<Pk 1 i ( Pk2i ■•■)) composition with tt will give us another unital embedding of B into 
Aoo^A'. We can thus use a Cantor-diagonalization type argument to construct such 
a subsequence, such that the image it o (ip kl ,ip k2 , ...) will commute with C. More 
specifically, note first that for any a G i, 6 G B, we have that ||k/? n (&), a]\\ — > 0. 
For each we pick a lifting c/c = (cfe(l), c&(2), ...) G ^°°(N, .A). Let 6i, 62, ••• be 
a dense sequence in B. For each n, choose k n such that ||[<^fc n (^i)) Cj(^)]|| < V n 
for all i, j < n (and we may assume that this sequence k n is increasing). Thus, 
7T o ((^fcj, 92fc 2 , •••) gives us an embedding with the required properties. □ 

We can now prove Theorem 14.41 

Proof of Theorem \4.4\ It suffices, by Lemmas 12.41 and 12.^1 to prove that for any 
finite subset F C T> and e > there is a unital embedding 

lp ■. V -> A*? n A' 

such that 

||q(^(x)) - ip(x)\\ < e 
for all x E F. Let us fix such F, e. 

Fix an embedding t:P->4,ni'. C* (Ufcl-00 ^O-O ))) is separable, so by 
Lemma 14.51 there is a unital embedding of ij : T> —* Aoo H .4' which commutes with 
it. Let 

B:=c* (17(c) uu^-oofi*^))) ; 

note that B^B®V. 

Choose a unitary eUq{T> ®T>) such that 

||w(x <8> lW* — 1 g) x\\ < — 

4 

for all x £ F. w can be connected to lv®v via a rectifiable path. Let L be the 
length of such a path. Choose n such that L||x||/n < e/8 for all x E F. 
Consider the embeddings 1, a n o t : 2? — > B. Define embeddings 

p, p' : V ® P -> 5 

by 

/o(a; ® y) = i(x)r)(y), p'(x ®y) = a n (i(x))r](y) . 
Pick unitaries 1 = Wq,Wi, ...,w n = w € Wo(P ® C) such that \\w k — w k +i\\ < i/n 
for k = 0, ...,n — 1. Now, let = p(wk)* P 1 ( w k) • Note that 

2L 

N - ^+1 < — 

n 

for fc = 0, n — 1, that uq = 1, and that 

\\u n a n {i{x))u* n - l(x)\\ < I 

for all x € F. 

Similarly, we choose unitaries 1 = vq,vi, ...,v n +i £ B such that 

2L 

\\Vk ~ Vk+l\\ < 



for k = 0, n and 
for all x € F. 



n + 1 

K +1 a n+1 (tOz;)R +1 < I 
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We use the Rokhlin property (and Lemma 14.21) to find a partition of 1^ into 
projections 

&i, fj e Aoo n A' n B' n {a k ~ n (u k ), a'""" 1 ^) | k = 1, n- 1,1 = 1, n}' , 

i = 0, . . . , n — 1, j = 0, . . . , re, such that a(ej) = e.j+i, ct(fj) = fj+i for all j, with 
the convention e n = eo, fn+i = fo- We then define ip : V — > Aoo H A' by 

n— 1 n 

y>(x) = ^e k a k - n (u k )a k (i(x))a k - n ( U t)e k +J2fka k - n -\ 

k=0 k=0 

By the choice of the projections eo, e n _i, fo, f n , (p is indeed a unital homomor- 
phism, and a simple computation shows that for any x € F, we have that 

||q(^(x)) - p(x)|| < E - + < £ , 

2 n 

as required. □ 



5. Rokhlin flows 
Recall the definition of a Rokhlin flow from |Ks2j : 

Definition 5.1. A strongly continuous action a : M — > Aut(^4) on a unital separable 
C*-algebra A is said to have the Rokhlin property if, for any p£R, there is a unitary 
v G A^ n A' such that a t (v) = e itp ■ v. 

Our main theorem for this section is the following. 

Theorem 5.2. Let A and T> be separable unital C* -algebras with T> strongly self- 
absorbing with an Inno half-flip, and suppose A is V '-absorbing; let a : M — > Aut(^l) 
be a Rokhlin flow. 

Then, there is a unital *-homomorphism 

if : V -> A*? n A' 

which is invariant under a. In particular, ix tt l is T>- absorbing. 

It was shown in |Ks2j that if A is simple and purely infinite with a Rokhlin flow 
a, then the crossed product is simple and purely infinite again. In the case where 
A is simple, unital and nuclear, for T> = Ooo our result coincides with Kishimoto's 
theorem (although the proofs are very different), since Kirchberg has shown that 
being purely infinite and absorbing are equivalent conditions when A is nuclear 
(see [ElllErP]). 

The basic idea of the proof of Theorem 15 .21 is quite similar to that of Theorem 14.41 
(we organize it differently, though). The main difference stems from the fact that 
the induced action of R on Aoo H A' is generally discontinuous - a problem which 
is irrelevant in the case of Z. Since embeddings into Aoo H A' arise as approximate 
embeddings into A, we work here with maps into A and into C*(A, v) C A^ , 
where v is a unitary arising from the Rokhlin property, which behave approximately 
like their analogues from the previous section. This allows us to circumvent the 
continuity problems, but at the cost of having messier estimates. The algebra C*(v), 
which is in fact isomorphic to C(T), here will play an analogous role to that of C{G) 
in the compact case. 
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Lemma 5.3. Let T> be a strongly self- absorbing C* -algebra, and let A be a unital 
separable C* -algebra. For any compact subset K C A and e > there is a unital 
expectation 8 : A — > A such that \\x — 0(x)\\ < e for all x G K, and such that T> 
admits a unital embedding into A D 9(A)' . 

Proof. We have that 

A * A ® = lim(.A ® V® k ) . 

Under this identification, there is some k such that dist(iC, A<S>T)® k (8)1) < e, where 1 
here denotes the identity of the copy of D 0O ° sitting in A&V® 00 as 1^01^ <g>r>®°°. 
If we fix some arbitrary state r of V®°° , the map 6 = id^-p®* r will satisfy the 
required properties. □ 

In the following lemma, we think of C(T, A) as the space of A- valued 2M-periodic 
functions on R (where M is selected in the lemma). 

Lemma 5.4. Let A andT> be separable unital C* -algebras; suppose thatT> is strongly 
self-absorbing with an Inno half-flip and that A = A <8> T>. Let a be a strongly 
continuous action of R on A. For any e > 0, any compact sets Dq C T>, Aq C A 
and any /i > there are an M > \i and a completely positive contraction (3 : T> — > 
C(T,A), with the following properties: 

(1) \\ at ((3(d)(s - t)) - f3(d)(s)\\ < e 

(2) ||/3(1)- 1|| <e 

(3) \\P(dd') - P(d)P(d')\\ <e 

(4) || [(5(d), a] || < e (where a is thought of as a constant function on T) 
for all d,d' G D , a G A , t € s e [-Af,M]. 

As the proof of this lemma is somewhat lengthy, we shall first show how it is used 
to prove Theorem 15.21 

Proof of Theorem \5.!A Fix compact sets Dq C V, Aq C .A, [— fi, C R (// > 0) 
and e > 0. By Lemmas 12.31 and 12.41 it will suffice to find a completely positive 
contraction tp : V — > .4^ such that, for any d, d' G Do) a £ Ah * £ [ — /^] we 
have that the expressions \\at(<p(d)) — p(d)\\, ||<^(1) — 1||, \\ip(d)ip(d') — ip(dd')\\ and 
|| [ip(d), a] || are all bounded above by e. (Since V is simple, we do not have to verify 
condition (v) of Lemma 12.41 ) 

By the Rokhlin property of a, for any M > there is a unitary v G A^ D A 1 
satisfying 

a t («) =e~* it/M -vVt GR. 
We may define a *-homomorphism 

<r:C(T)®.A->C*(u,.4) C^) 

by 

(r(f®x) = f(v)x VxeA,feC(T). 

We then have 

«i ° cr(/ x) = cr(/_ t <g> a t (x)) 
for all i G R, / G C(T) and x £ A, where f-t denotes the function / translated by 
—t. We write at for the action on C(T) ®A given by f ®x \— > f-t®at(x). As before, 
we identify C(T) ® A = C(T,A) with the space of ^-valued 2M-periodic functions 
on R. 
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Select M, (3 as in Lemma 15.41 and define 

ip = a o f3 . 

We only check that \\azt(<p(d)) — tp(d)\\ < e for d € Dq, t G [—//,//]; the other 
requirements above are straightforward to verify: 

\\a t (cp(d)) - <p(d)\\ < \\&to /3(d) -/3(d) || 

sup \\(a t o(3(d))(s)-f3(d)(s)\\ 

se[-M,M] 

sup \\ at ((3(d)(s - t)) - (3(d)(s)\\ 

se{-M,M] 

Eli) 

< e . 

□ 

It remains to prove Lemma 15.41 

Proof of Lemma \5.4\ We may assume, without loss of generality, that ||x|| < 1 for 
all x € Dq U Aq, and that lx> £ Do> I.4 € (in particular, we have -Do C Dq = 

{xy | x,y e D }). 

Since T> is strongly self-absorbing with Inno half- flip, there is a unitary uu € 
Uq(D®V) such that 

(1) \\w{d ® 1-d)w* -lv®d\\ < ^ VdeDl . 

There is thus a continuous path of some finite length L in the unitary group of T>®T> 
connecting w and It>®v- 

Fix some M > max{/x, 40/xL/e}. Pick a continuous path (^t)te[_M,Ml ^ Uo(V0V), 
such that to_M = lx>®x , i wm = w and 

IK-w,|| < 2Af S| Vs,tG[-M,M]. 

We find xi, ...,x p ,yi, ...,y p € £> of norm < 1, and Aj(i) € C, j = 1, i = 
1, P for some P, such that for any t S [— M, M] there is an i £ {1, . . . , P} such 
that 

P £ 

( 2 ) ll^ A iW^- ®%- -w t \\ < ^ 



and || X]j=i Aj(i)xj (g> y.,-|| < 1 for all i. Let A = max{|Aj(z)| + 1 | j < p, i < P}. 
Pick a unital embedding tp : T> — > A such that 

(3) IW0 ,4|| <_£_<!. 

for all a S Ut=^2M a *(A)) and ah £ £ ■■■,x p ,x*, ...,x*} U Dq. Use Lemma l5~Hl 
to find an expectation map 6 : A ^ A such that 

for all 

/ 3M \ 3 

\t=-3M J 
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and a unital embedding 77 : T> — ► A n 8(A)'. 

Notice that for all x,y, z G U*=-Af ^(^({^Ij •■•> x pj x i> x p} U A)) U A))) we have 



(5) 



ll^)-^)WWII<4D^F<^ 



Define unital completely positive maps g, g' : T> ® T> — > A by 



® (fa) := e(a_j|f(V»(di))) • , e'(di ® (fe) := 8(a M (^(di))) ■ r)(d 2 ) 



for di,d 2 G X>. For any t G [-M, M] and di,d 2 G £>q> we find i £ i 1 ' • • • > P } sucn 
that || Y^j=i ^j(i) x j ® 2/j — < e/400; we see then that 



(6) \\g(w t )g(d 1 <g> d 2 )g(w* t ) - g(w t (d 1 ® d 2 )w* t )\\ 



< 




+ 



4e 
400 



< 



< 



X |A i (i)A fe (z)lll(^(a-M(V'(^)))^(a-M(V'(dl)))^(a-M(^(4))) 
i,fc=i 

4e 

-0(a_ M (^(a:j))a-M(V'(di))a_M(V'(4))))llll ? 7(yi d 2?/fc)ll + ^ 

4e 4e» 2 A 2 
+ 



400 400p 2 A 2 



£ 

50 



and the same estimate holds if we replace g by g' , and if we interchange wt and u;£. 
In particular, setting d\ = d 2 = 1, we see that for all i G [-M, M] 



(7) \\g(w* t )g(w t )-l\\, \\g(w t )g(w* t )-l\\, \\g'(w* t )g'(w t )-l\\, \\g'(w t )g'(w* t )-l\\ < - . 
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Similarly, we estimate for any s E [— M, M], t £ [— 2M, 2M] and a E A (for a 
suitable i 6 {1, . . . , P}): 



(8) HteK), a t (a) 



< 
< 

if 



vi =1 



2g 
400 



+ 



4e 
400 

< pAm^\\[e(a^ M mx j ))),e(a t (a))}\\ + ^ 

12e 

pAmax\\9([ip( Xj ), a t+M {a)})\\ + — 

< 
< 



e 12e 
30 + 400 

£ 

15 



and the same estimate holds with it;* instead of w s , and with instead g. 
Define a continuous path {ut)te\-M,M\ — by 

ttt := g(w t )* g' (w t ) . 

The ?Vs are not necessarily unitary, but one checks that they satisfy 



^-i||,|Ku t -i||<! = ^. 



2L 

ut ~ Us\\ < — 77 • |i-s| Vs,t € [-M,M] 
- 2M 



(9) 

Note also that 
(10) 

and that U-m = 1- Let d G Dq. Using that 

\\a M {^{d)) - g'{d® l v )\\ , \\a-. M (ip(d)) - g(d ® lp)|| < e/400 , 
we check that 

(11) ||n M aAf(V'(rf))^M — ar—Af 

< ||£(wM)V(wM)£>'(d(g> It>)q'{w m )*q{wm) - Q{d® I©) || + — 

^<_, \\Q{wM)*Q'{w M {d® Iv)w* m )q(wm) ~ e(d® lv)\\ + ^ + 7^ 

n 

^<_, \\q{w m )*q{Iv ® d)g(w M ) ~ Q(d® lv)\\ + + 7^ + ^ 

2e / e e 

< h 2 • 1 

400 V50 40 

£ 
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Furthermore, 

(12) \\[a t (a),u s }\\ = \\[a t (a),g(w* s )g'(w s )}\\ 

< \\[a t (a),g(w s )}\\ + \\[a t (a), g (w s )]\\ 
2s 

^> 15 

E 

for a G Aq, s G [-M,M], t G [-2M, 2M], and the same estimate holds for u* s in 
place of u s . 

For each deV,t G [-M, M], we define 

h(d,t) := at-M{ut)at{ip{d))a t -M{ul) , 

then 

h(d,M) = u M OLM{i>{d))u* M 

and 

h(d,-M) = a- M {4>{d)) VdGD, 

whence 

(13) \\h(d,M)-h(d,-M)\\ <±\/deD 2 . 

Note that for any d\, d 2 in the unit ball of T> and for any t G [-M, M] we have that 

(14) \\h(d u t)h(d 2 ,t) -h(dxd 2 ,t)\\ < \\u* t ut-l\\^-^. 

For any a G Aq, d G Dq, t G [— M, M], we have 

(15) ||[/i(d,i),a]|| < \\[a t - M {u t ),a]\\ + \\[a t (^(d)),a]\\ + \\[a t . M (u* t ),a}\\ 

\\[ Ut ,a M -t(a)}\\ + \\{iP(d),a-t(a))\\ + ||K,a M -t(a)]|| 
2s s 2s 
15 + 30 + 15 

s 

< 3" 

We can view ft as a completely positive contraction from T> to C([— M, M], A). 
C(T, A) may be identified with the subalgebra of C([—M, M], A) consisting of func- 
tions which agree on — M and M. We shall now perturb h so as to ensure that its 
range is in C(T,A). For each 5 > 0, define a continuous function g$ G C([—M,M]) 
by 

f 0, t = -M 

g 5 (t) := I 1, -M + 5 < t < M 

I linear elsewhere ; 

Now, let 

h s (d, t) := g s (t) ■ h{d, t) + (l- g 5 (t)) ■ h(d, M) . 

For any d G T>, hs(d,t) is a continuous function of t, and satisfies h$(d, —M) = 
h$(d,M). hs, thus, can be regarded as a map h$ : V — > C(T,A). This map can 
readily be seen to be a completely positive contraction. 
Fix 5 > such that 

\\h(d,t) - h s (d,t)\\ < J Vd G Dq, t G [— M, M] ; 
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this is possible by (|13[). We let 

0:=h s . 

The proof will be complete once we check that (3 satisfies the four conditions required 
in the statement. 

Condition HI We wish to show that 

\\a t ((3(d,s - t)) - (3{d, s)\\ <£ Vrfe D , s G [-M,M], t G . 

It will clearly be enough to consider t G [0, fj]. (The case t < will follow with t 
replaced by —t and s replaced by s — t.) Fix d G Dq. 

Case I: s G [-M + t,M]. We have 
\\at(h(d, s — t)) — h(d, s)\\ 

= \\a s -M(u s -t)a s (i>(d))a s - M (u* s -t) ~ a s -A/(w s )a s (VKd))« s -A/(<)|| 

2L\t\ 2Lfi e 

< 2 Uo_+ — u q \\ < < < — , 

- 11 s 1 sll ^s M ~ M 20' 

ED 

from which follows that 

\\a t (p(d, s-t))- p(d, s)\\ < 2 • | + ^ < e . 

Case II: s G [-M, —M + t\. In this case, there are < to, t\ <t such that t = to + t% 
and s = -M + t Q . Note that \\f3(d,s- t) - h(d,M - i x )|| < e/4. Thus 

||a t (/3(d, S -i))-/3(d,s)|| 

< ||a t (/»(d,M-*i))-/i(d,s)|| + -^ 

< ||a to (h(d, M)) - h(d, s) || + |K M - ti)) - fc(d, M) || + ^ 

< ||a-M+t - K d > s ) II + X + 2l) 

ii H 3e e 

< 2||u_ M -u s || + — + — 

e 3e e 

< 20 + T + 20 <£ - 
Condition |2l Indeed, 

||/?(1)-1|| < sup ||/t(l,i)-l||+7 = sup ||at_ A f(«tuJ t )-l||+7 < ^+7 < £ ■ 

te[-M,M] 4 te[-M,M] 4 2b 4 

Condition El Let <ii , d 2 G -Do • We have 

||/3(di)/?(d 2 )-^(did 2 )|| < sup t)/3(d 2 ,t)-/3(did 2 ,t))|| 

te[-jw,M] 

< sup ||/i(di,t)/i(d 2 ,*) - /i(dida,*))ll + 
te[-M,M] 4 

^ 25 + T 

GS 

< e . 



ROKHLIN ACTIONS AND SELF-ABSORBING C*-ALGEBRAS 



15 



Condition HI For each d E Dq, a € Aq, we have 

||[0(d),a]|| < sup \\[h{d,t),a]\\ + ^< £ - + ^-<e. 

□ 
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